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1 Introduction
The language of real algebraic geometry, as in [5], is used throughout this paper. Thus, an
affine real algebraic variety is a locally ringed space isomorphic to an algebraic subset
of Rn , for some n, endowed with the Zariski topology and the sheaf of real-valued regular
functions. A real algebraic variety is a locally ringed space that can be covered by finitely
many open sets, each of which, together with the restriction of the structure sheaf, is an
affine real algebraic variety, cf. [5, Definition 3.2.11]. The underlying topology of any real
algebraic variety is called the Zariski topology. Each quasi-projective real algebraic variety
is affine, cf. [5, Proposition 3.2.10, Theorem 3.4.4]. Morphisms of real algebraic varieties
are called regular maps. Each real algebraic variety carries also the Euclidean topology,
which is induced by the usual metric on R. Unless explicitly stated otherwise, all topological
notions relatin! g to real algebraic varieties refer to the Euclidean topology.
Let F stand for R,C or H (the quaternions). Only left F-vector spaces will be considered.
When convenient, F will be identified with Rd(F), where d(F) = dimR F.
Let X be an affine real algebraic variety. In the present paper investigated are relationships
between pre-algebraic and algebraic F-vector bundles on X , cf. [5, Chapter 12] for the
definitions of such bundles. It should be mentioned that pre-algebraic vector bundles and
algebraic vector bundles had been called algebraic vector bundles and strongly algebraic
vector bundles, respectively, in the literature predating the publication of [5], cf. for example
[2–4,7,11,16,17,22]. A pre-algebraic F-vector bundle on X is an algebraic F-vector bundle if
and only if it is generated by global algebraic sections, cf. [5, Theorem 12.1.7]. By definition,
the total space of a pre-algebraic F-vector bundle on X is a real algebraic variety which may
not be affine; actually it is affine if and only if the bundle is algebraic, cf. [16,17]. An
example of a pre-algebraic R-line bundle on R2 that is not algebraic can be ! found in [2] or
[5, Example 12.1.5]. Due to this, and other similar examples, pre-algebraic vector bundles
have been viewed as pathological objects and almost completely neglected. They appear in
the literature essentially as a preliminary step in the definition of algebraic vector bundles, cf.
[2–5,7,16,17,22]. A single exception is [11], which contains a proof that any pre-algebraic
vector bundle on a nonsingular variety is a Nash vector bundle (terminology as in [5]).
However, pre-algebraic vector bundles do have other interesting properties.
In this paper it is proved that each pre-algebraic F-vector bundle on X can be made
algebraic by successively blowing up X . A multiblowup of X is a regular birational map
π : X ′ → X which is the composition of a finite number of blowups with nonsingular
centers. In particular, X ′ is an affine real algebraic variety. Furthermore, if X is nonsingular,
then so is X ′.
Theorem 1.1 Let ξ be a pre-algebraic F-vector bundle on an affine real algebraic variety
X. Then there exists a multiblowup π : X ′ → X of X such that the variety X ′ is nonsingular
and the pullback F-vector bundle π∗ξ on X ′ is algebraic.
The proof is given in Sect. 2.
Corollary 1.2 With notation as in Theorem 1.1, if the variety X is nonsingular, then there
exists a Zariski closed subset Z of X such that codimX Z ≥ 2 and the restriction ξ|X\Z is an
algebraic F-vector bundle on X\Z.
Proof Let π : X ′ → X be as in Theorem 1.1. Since the variety X is nonsingular, there
exists a Zariski closed subset Z of X of codimension at least 2 such that π is a biregular
isomorphism from X ′\π−1(Z) onto X\Z . This implies the assertion in Corollary 1.2. 
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A completely different proof of Corollary 1.2 can be found in [2,22] (in [22] some prob-
lematic points of [2] are corrected).
Corollary 1.2 immediately implies the following:
Corollary 1.3 If X is a nonsingular affine real algebraic variety of dimension 1, then every
pre-algebraic F-vector bundle on X is algebraic.
In the subsequent sections, Theorem 1.1 is used to clarify to what extent the known results
on characteristic classes of algebraic vector bundles can be carried over to pre-algebraic
vector bundles. It turns out that such a generalization is possible for the Stiefel-Whitney
classes (Theorem 3.2), while for the Chern and Pontryagin classes some new phenomena
come into play (Sect. 5).
Pre-algebraic and algebraic vector bundles can be regarded as topological vector bundles.
This is explored in the remainder of the present section.
Let S1 be the unit circle,
S
1 = {(x1, x2) ∈ R2 | x21 + x22 = 1},
and let Tn = S1 × · · · × S1 be the n-fold product.
Proposition 1.4 For any integer n > d(F), there exist a nonsingular affine real algebraic
variety X and a topological F-line bundle ξ on X such that X is diffeomorphic to Tn and ξ
is not isomorphic to any pre-algebraic F-line bundle on X.
The proof is given in Sect. 3. In Proposition 1.4 the assumption n > d(F) is essential.
Proposition 1.5 Let X be a compact nonsingular affine real algebraic variety. If dim X =
d(F), then every topological F-line bundle on X is isomorphic to a pre-algebraic F-line
bundle.
Note that under the assumptions as in Proposition 1.5, there exists a nontrivial topological
F-line bundle on X . Proposition 1.5 is well known if F = R, cf. [5, Theorem 12.5.1]. The
proof for F = C and F = H is given in Sect. 4. It is worthwhile to contrast Proposition 1.5
(for F = C or F = H) with the behavior of algebraic vector bundles.
Example 1.6 Every algebraic C-vector bundle on Tn is algebraically stably trivial, cf. [6]
or [5, Corollary 12.6.6]. Consequently, every algebraic C-line bundle on Tn is algebraically
trivial. Every topological R-vector bundle on Tn , where 1 ≤ n ≤ 3, is isomorphic to an
algebraic R-vector bundle, cf. [7]. Obviously, every topological H-vector bundle on Tn is
trivial, provided that 1 ≤ n ≤ 3.
As usual, the kth Chern class of a C-vector bundle ξ will be denoted by ck(ξ). Any
F-vector bundle η can be regarded as a K-vector bundle, denoted ηK, where K ⊆ F and K
stands for R,C or H. In particular, ηF = η. If η is an H-vector bundle, then ηR = (ηC)R.
Example 1.7 For any integer n ≥ 4, there exists a pre-algebraic H-line bundle η on Tn
such that the pre-algebraic K-vector bundle ηK on Tn (where K stands for R,C or H) is not
topologically isomorphic to any algebraic K-vector bundle. This assertion can be proved as
follows. As recalled in Example 1.6, each algebraic C-vector bundle on Tn is stably trivial,
and hence its kth Chern class is equal to 0 for every k ≥ 1. Let λ be a topological H-line
bundle on T4 with c2(λC) = 0. According to Proposition 1.5, one can assume that the bundle
λ is pre-algebraic. If p : Tn = T4 × Tn−4 → T4 is the canonical projection, then the
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H-line bundle η := p∗λ on Tn is pre-algebraic and c2(ηC) = 0. Consequently, ηK is not
topologically isomorphic to any algebraic K-vector bundle, where K = C or K = H. It
remains to prove that ηR is not topologically isomorphic to any algebraic R-vector bundle.
Supposing otherwise, the complexification ηR ⊗ C of ηR would be topologically isomorphic
to an algebraic C-vector bundle, and hence c2(ηR ⊗ C) = 0. However, one has c!1(ηC) = 0,
which implies c2(ηR ⊗ C) = 2c2(ηC) = 0, cf. [21, Corollary 15.5].
In real algebraic geometry, the role of regular, semi-algebraic and Nash maps is firmly
established. Recently obtained results demonstrate that maps of a new type, called “contin-
uous rational maps” in [19,20] and “applications régulues” in [12], are also very useful. It is
now commonly accepted to call them regulous maps in English. Regulous maps are essential
in the present paper (see Sect. 2 for the definition).
2 Sections of pre-algebraic vector bundles
Let X be an affine real algebraic variety and let ξ = (E, p, X) be a pre-algebraic F-vector
bundle on X . For a function f : X → R, let
Z( f ) = {x ∈ X | f (x) = 0}.
Assumption 2.1 Throughout this section the variety X is assumed to be nonsingular.
Lemma 2.2 Let f : X → R be a regular function. For any algebraic section s : X\Z( f ) →
E, there exists a positive integer d such that the map u : X → E,
u(x) =
{
f (x)ds(x) for x ∈ X\Z( f )
0 for x ∈ Z( f ) ,
is a continuous section.
Proof Set U = X\Z( f ). Let {U1, . . . ,Uq} be a Zariski open cover of X such that the
restriction F-vector bundle ξ|Ui is algebraically trivial for 1 ≤ i ≤ q . Let ϕi : p−1(Ui ) →
Ui × Fr be an algebraic trivialization of ξ|Ui . The map
ϕi ◦ (s|U∩Ui ) : U ∩ Ui → Ui × Fr
is regular. Since
U ∩ Ui = (X\Z( f )) ∩ Ui = Ui\(Z( f ) ∩ Ui ),
there exists a positive integer d such that the map ui : Ui → E ,
ui (x) =
{
f (x)d s(x) for x ∈ Ui\(Z( f ) ∩ Ui )
0 for x ∈ Z( f ) ∩ Ui ,
is a continuous section for 1 ≤ i ≤ q , cf. [5, Proposition 2.6.4]. By construction, u|Ui = ui ,
and hence u is a continuous section. 
Let Y be a real algebraic variety (not necessarily affine). A map f : X → Y is said to be
regulous if it is continuous and there exists a Zariski open and dense subset U of X such that
the restriction f|U : U → Y is a regular map. The term “regulous” corresponds to “régulue”
used in [12]. Regulous maps are called continuous rational maps in [19,20]. In particular, the
section u in Lemma 2.2 is regulous. It should be mentioned that regulous maps with singular
domains, which do not appear in the present paper, are defined in a different way, cf. [12].
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Lemma 2.3 The F-vector bundle ξ is generated by global regulous sections, that is, there
exist regulous sections u1 : X → E, . . . , un : X → E such that for each point x in X, the
vectors u1(x), . . . , un(x) span the fiber of ξ over x.
Proof It suffices to apply Lemma 2.2 
Lemma 2.3 could also be deduced from Cartan’s Theorem A for quasi-coherent regulous
sheaves, cf. [12]. However, such a proof would be much more involved.
It is well known that multiblowups of X can be used to transform regulous realvalued func-
tions on X into regular functions, cf. [12]. In the present section the following generalization
of this result is needed.
Lemma 2.4 Let Y be a real algebraic variety (not necessarily affine) and let f : X → Y be
a regulous map. Assume that each point x in X has a Zariski open neighborhood Ux in X
such that f (Ux ) is contained in a Zariski open affine subvariety Vx of Y . Then there exists a
multiblowup π : X ′ → X of X such that the composite map f ◦ π : X ′ → Y is regular.
Proof One can assume without loss of generality that the variety X is irreducible. Let U be
a nonempty Zariski open subset of X such that the restriction f|U : U → Y is a regular map.
Now, the proof will be divided into two steps.
Case 1 Assume that Y = Rk for some k. Consider Rk as a subset of real projective k-space
P
k(R) and let e : Rk ↪→ Pk(R) be the inclusion map. The regular map e ◦ f|U : U →
P
k(R) determines a rational map ϕ : X  Pk(R). By Hironaka’s theorem on resolution
of indeterminacy points [14,18], there exist a multiblowup π : X ′ → X and a regular map
g : X ′ → Pk(R) satisfying g = ϕ ◦π as rational maps. Consequently, since every nonempty
Zariski open subset of X ′ is dense in the Euclidean topology, g = e ◦ f ◦ π as continuous
maps on X ′. This completes the proof for Y = Rk .
Case 2 Suppose that Y is an arbitrary real algebraic variety. Since X is a quasi-compact
topological space with the Zariski topology, one has X = Ux1 ∪ · · · ∪ Uxq for some points
x1, . . . , xq in X . Set Ui = Uxi and Vi = Vxi , and denote by fi : Ui → Vi the restriction of
f for 1 ≤ i ≤ q . There exists a regular function λi : X → R with Ui = X\Z(λi ). Choose
a regular embedding εi : Vi → Rni for some positive integer ni . The map gi := εi ◦ fi :
Ui → Rni is continuous, and the restriction gi |U∩Ui : U ∩ Ui → Rni is a regular map. The
set U ∩ Ui is Zariski dense in Ui , and hence it is also dense in the Euclidean topology, the
variety Ui being nonsingular. Consequently, the map gi is semi-algebraic, that is, its graph
is semi-algebraic, cf. [5, Proposition 2.2.2]. It follows that there exists a positive integer d
such that the m! ap hi : X → Rni ,
hi (x) =
{
λi (x)d gi (x) for x ∈ X\Z(λi ) = Ui
0 for x ∈ Z(λi ) ,
is continuous for 1 ≤ i ≤ q . By construction, the map
h = (h1, . . . , hq) : X → Rn1 × · · · × Rnq
is regulous. According to Case 1, there exists a multiblowup π : X ′ → X of X such that the
composite map h ◦ π is regular.
Set U ′i = π−1(Ui ) and denote by πi : U ′i → Ui the restriction of π . Then hi ◦ πi =
(λi ◦ πi )d(gi ◦ πi ), and hence the map gi ◦ πi : U ′i → Rni is regular. Consequently, the
map fi ◦ πi : U ′i → Vi is regular. Since the Zariski open sets U ′1, . . . ,U ′q cover X ′, the map
f ◦ π : X ′ → Y is regular. 
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Lemma 2.5 Let u1 : X → E, . . . , un : X → E be regulous sections of the F-vector
bundle ξ . Then there exists a multiblowup π : X ′ → X of X such that the pullback sections
π∗u1, . . . , π∗un of the pullback F-vector bundle π∗ξ on X ′ are algebraic.
Proof Each point x in X has a Zariski open neighborhood Ux such that the restriction F-vector
bundle ξ|Ux is algebraically trivial. Then p−1(Ux ) is a Zariski open affine subvariety of E .
By Lemma 2.4, there exists a multiblowup π : X ′ → X such that the map ui ◦π : X ′ → E is
regular for 1 ≤ i ≤ n. Consequently, the pullback sections π∗u1, . . . , π∗un of the pullback
F-vector bundle π∗ξ are algebraic, as required. 
Proof of Theorem 1.1 By Hironaka’s resolution of singularities theorem [14,18], there exists
a multiblowup σ : Y → X for which the variety Y is nonsingular. For the proof one can
replace X and ξ by Y and σ ∗ξ , respectively. Hence, from the beginning it can be assumed
that the variety X is nonsingular.
By Lemmas 2.3 and 2.5, there exists a multiblowup π : X ′ → X of X such that the
pullback pre-algebraic F-vector bundle π∗ξ is generated by global algebraic sections. Con-
sequently, π∗ξ is an algebraic F-vector bundle.
3 Stiefel-Whitney classes of pre-algebraic vector bundles
In this section it is proved that the Stiefel-Whitney classes do not distinguish pre-algebraic
R-vector bundles from algebraic R-vector bundles.
Let X be a compact nonsingular affine real algebraic variety. A homology class in
Hd(X; Z\2) is said to be algebraic if it can be represented by a d-dimensional algebraic
subset of X , cf. [10] or [5,8]. The set H algd (X; Z\2) of all algebraic homology classes in
Hd(X; Z\2) forms a subgroup. The subgroup Hkalg(X; Z\2)of algebraic cohomology classes
in Hk(X; Z\2) is by definition the inverse image of H algn−k(X; Z\2) under the Poincaré duality





is a subring of the cohomology ring H∗(X; Z\2), cf. [10] and [1,3]. The groups H algd (−; Z\2)
and Hkalg(−; Z\2) have the expected functorial property: If f : X → Y is a regular map
between compact nonsingular affine real algebraic varieties, then
f∗(H algd (X; Z\2)) ⊆ H algd (Y ; Z\2) and f ∗(Hkalg(Y ; Z\2)) ⊆ Hkalg(X; Z\2)
cf. [10] or [1,3]. Actually, a stronger result holds. The inclusions above are satisfied if f is
a regulous map, cf. [20, Proposition 1.3].
Proposition 3.1 Let X, X ′ be compact nonsingular affine real algebraic varieties and let
ϕ : X ′ → X be a birational regular map. If u is a cohomology class in Hk(X; Z\2) such
that the cohomology class ϕ∗(u) is algebraic, then u also is algebraic.
Proof For any compact smooth manifold M of dimension n, let [M] denote its fundamental
class in Hn(M; Z\2). The Poincaré duality isomorphism Hk(M; Z\2) → Hn−k(M; Z\2) is
given by v → v ∩ [M], where ∩ stands for the cap product.
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The topological degree modulo 2 of the map ϕ : X ′ → X is 1, and hence ϕ∗([X ′]) = [X ].
Consequently,
ϕ∗(ϕ∗(u) ∩ [X ′]) = u ∩ ϕ∗([X ′]) = u ∩ [X ].
By assumption, the homology class ϕ∗(u)∩ [X ′] is algebraic. In view of the functoriality of
H algd (−; Z\2), the homology class u ∩ [X ] is algebraic, and hence the cohomology class u
is algebraic. 
It is well known that the Stiefel-Whitney classes of any algebraic R-vector bundle are
algebraic, cf. [10] or [1,3]. This result can be extended to pre-algebraic R-vector bundles.
Theorem 3.2 Let X be a compact nonsingular affine real algebraic variety. The Stiefel-
Whitney classes of any pre-algebraic R-vector bundle on X are algebraic.
Proof Let ξ be a pre-algebraic R-vector bundle on X . According to Theorem 1.1, there exists
a multiblowup π : X ′ → X such that the R-vector bundle π∗ξ on X ′ is algebraic. Since the
kth Stiefel-Whitney class wk(π∗ξ) is algebraic and wk(π∗ξ) = π∗(wk(ξ)), it follows from
Proposition 3.1 that wk(ξ) also is algebraic for every k ≥ 0. 
Corollary 3.3 Let X be a compact nonsingular affine real algebraic variety. If dim X ≤ 3,
then any pre-algebraic R-vector bundle on X is topologically isomorphic to an algebraic
R-vector bundle.
Proof Assume that dim X ≤ 3. According to [7], a topological R-vector bundle on X is
isomorphic to an algebraic R-vector bundle if and only if it is of constant rank on each
irreducible component of X and if its Stiefel-Whitney classes are algebraic. Hence, it suffices
to apply Theorem 3.2, the rank of any pre-algebraic vector bundle being locally constant for
the Zariski topology. 
It follows from Example 1.7 that Corollary 3.3 cannot be extended to varieties of dimension
exceeding 3.
Theorem 3.2 is crucial in the proof of Proposition 1.4. It is convenient first to give the
following:
Example 3.4 Let n and k be integers satisfying 0 < k < n. Let Tn = Tk × Tn−k and let y0
be a point in Tn−k . Let α be the homology class in Hk(Tn; Z\2) represented by the smooth
submanifold K := Tk × {y0} of Tn . Set
A(n, k) := {u ∈ Hk(Tn; Z\2) | 〈u, α〉 = 0},
where 〈−,−〉 stands for the Kronecker index (scalar product). Since the normal bundle of K
in Tn is trivial and K is the boundary of a compact smooth manifold with boundary, it follows
from [9, Proposition 2.5, Theorem 2.6] that there exist a nonsingular affine real algebraic
variety X and a smooth diffeomorphism ϕ : X → Tn with
Hkalg(X; Z\2) ⊆ ϕ∗(A(n, k)).
Proof of Proposition 1.4 Let P1(F) be the projective F-line and let γ 1(F) be the tautological
F-line bundle on P1(F). Recall that wd(F)(γ 1(F)R) = 0 in Hd(F)(P1(F); Z\2). Choosing a
continuous map ψ : Td(F) → P1(F) for which the induced homomorphism
ψ∗ : Hd(F)(P1(F); Z\2) → Hd(F)(Td(F); Z\2)
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is an isomorphism, one obtains an F-line bundle λ := ψ∗γ 1(F) on Td(F) withwd(F)(λR) = 0.
If n > d(F) and p : Tn = Td(F) × Tn−d(F) → Td(F) is the canonical projection, then for the
F-line bundle η := p∗λ on Tn one gets
wd(F)(ηR) /∈ A(n, d(F)),
where A(n, d(F)) is the subgroup of Hd(F)(Tn; Z\2) defined in Example 3.4. Choose a
nonsingular affine real algebraic variety X and a smooth diffeomorphism ϕ : X → Tn such
that
Hd(F)alg (X; Z\2) ⊆ ϕ∗(A(n, d(F))).
By construction, for the F-line bundle ξ := ϕ∗η on X one has
wd(F)(ξR) /∈ ϕ∗(A(n, d(F))),
and hence
wd(F)(ξR) /∈ Hd(F)alg (X; Z\2).
In other words, the Stiefel-Whitney classwd(F)(ξR) is not algebraic. According to Theorem
3.2, the topological F-line bundle ξ on X cannot be isomorphic to any pre-algebraic F-line
bundle.
4 A construction of pre-algebraic vector bundles
A certain construction will prove to be very useful for the purpose of comparison of pre-
algebraic, algebraic and topological F-vector bundles. First some topological facts will be
recalled for the convenience of the reader.
Let M be a smooth (of class C∞) manifold and let N be a smooth submanifold of codi-
mension k. By convention, submanifolds are assumed to be closed subsets of the ambient
manifold. Assume that the normal bundle of N in M is oriented and denote by τMN the Thom
class of N in the cohomology group Hk(M,M\N ; Z), cf. [21, p. 118]. The image of τMN
by the restriction homomorphism Hk(M,M\N ; Z) → Hk(M; Z), induced by the inclusion
map M ↪→ (M,M\N ), will be denoted by [N ]M and called the cohomology class repre-
sented by N . If M is compact and oriented, and N is endowed with the compatible orientation,
then [N ]M is up to sign Poincaré dual to the homology class in H∗(M; Z) represented by N ,
cf. [21, p.136].
Let P be a smooth manifold and let Q be a smooth submanifold of P . Let f : M → P
be a smooth map transverse to Q. If the normal bundle of Q in P is oriented and the normal
bundle of the smooth submanifold N := f −1(Q) of M is endowed with the orientation
induced by f , then τMN = f ∗(τ PQ ), where f is regarded as a map from (M,M\N ) into
(P, P\Q) (this follows from [15, p. 117, Theorem 6.7]). In particular, [N ]M = f ∗([Q]P ).
Let ξ = (E, p,M) be an oriented smooth R-vector bundle on M of rank k. For any smooth
section s : M → E , let Z(s) denote the zero locus of s,
Z(s) = {x ∈ M | s(x) = 0}.
If the section s is transverse to the zero section and the normal bundle of Z(s) in M is
endowed with the orientation induced by s from the orientation of ξ , then
e(ξ) = [Z(s)]M ,
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where e(ξ) stands for the Euler class of ξ . Indeed, identify M with the image of the zero
section of ξ . The section s is transverse to M and Z(s) = s−1(M). Consequently, [Z(s)]M =
s∗([M]E ). Hence,
p∗([Z(s)]M = p∗(s∗([M]E )) = (s ◦ p)∗([M]E ) = [M]E ,
where the last equality holds since s ◦ p : E → E is homotopic to the identity map. On the
other hand, p∗(e(ξ)) = [M]E , cf. [21, p. 98]. It follows that e(ξ) = [Z(s)]M since p∗ is an
isomorphism.
Let K stand for C or H, and let d(K) = dimR K. By [21, p. 158], for any K-vector bundle
ξ of rank r ,
e(ξR) = ck(ξC),
where k = 12rd(K). The notation ξR and ξC is introduced in Sect. 1.
Proposition 4.1 Let X be a compact nonsingular affine real algebraic variety and let Y
be a nonsingular Zariski closed subvariety of X of codimension d(K). Assume that the
normal bundle of Y in X is trivial (as a topological R-vector bundle) and endowed with an
orientation. Then there exists a pre-algebraic K-line bundle ξ on X with ck(ξC) = [Y ]X ,
where k = 12 d(K).
Proof Let T be a tubular neighborhood of Y in X . Since the normal bundle of Y in X is trivial,
there exists a smooth function h : T → K such that h is transverse to 0 in K, h−1(0) = Y
and the given orientation of the normal bundle of Y in X coincides with the orientation
induced by h from the canonical orientation of K = Rd(K). One can find a smooth function
g : X → K such that g = h in a neighborhood of Y and g is transverse to 0 in K. By a relative
version of the Weierstrass approximation theorem [5, Lemma 12.5.5], there exists a regular
function f : X → K that is arbitrarily close to g in the C∞ topology and Y ⊆ f −1(0). If f is
sufficiently close to g, then f is transverse to 0 in K and f −1(0) = Y ∪ Y ′ with Y ∩ Y ′ = ∅.
By [5, Proposition 3.3.17], Y ′ is a Zariski closed subset of X . The sets U1 = X\Y and
U2 = X\Y ′ form a Zariski open cover of X . Let ξ = (E, p, X) be the pre-algebraic K-line
bundle on X , where E is obtained by gluing U1 × K and U2 × K over U1 ∩ U2 via the
regular map f|U1∩U2 : U1 ∩ U2 → K\{0} ((1, x1, v1) ∈ {1} × U1 × K is identified with
(2, x2, v2) ∈ {2} × U2 × K if and only if x1 = x2 is in U1 ∩ U2 and f (x1)v1 = v2), and
p : E → X is the obvious projection, cf. [5, p.299]. The sections
s1 : U1 → U1 × K, s1(x) = (x, 1)
s2 : U2 → U2 × K, s2(x) = (x, f (x))
determine an algebraic section s : X → E such that s is transverse to the zero section, Z(s) =
Y and the given orientation of the normal bundle of Y in X coincides with the orientation
induced by s from the canonical orientation of ξR. Consequently, ck(ξC) = e(ξR) = [Y ]X ,
where k = 12 d(K). 
Proof of Proposition 1.5 Any cohomology class in Hd(F)(X; Z) is of the form [Y ]X , where
Y is a finite subset of X and the normal bundle of Y in X is suitably oriented. It remains to
consider F = C and F = H. In these cases, by Proposition 4.1, there exists a pre-algebraic
F-vector bundle ξ on X with ck(ξC) = [Y ]X , where k = 12 d(F).
If η is a topological F-line bundle on X with ck(ηC) = [Y ]X , then η is isomorphic to ξ .
Indeed, this is obvious for F = C since topological C-line bundles are classified by the first
Chern class. If F = H, then dim X = 4 and hence η is isomorphic to an H-line bundle of
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the form f ∗γ 1(H), where γ 1(H) is the tautological H-line bundle on the projective H-line
P
1(H) and f : X → P1(H) is a continuous map. Since c2(γ 1(H)C) is a generator of the
cohomology group H4(P1(H); Z) ∼= Z, by Hopf’s theorem, the homotopy class of f is
determined by the cohomology class f ∗(c2(γ 1(H)C)) = c2(ηC). Thus, topological H-line
bundles on X are classified by the second Chern class. The proof is complete.
Example 4.2 As recalled in Example 1.6, any algebraic C-line bundle on Tn is algebraically
trivial. However, any topological C-line bundle on Tn is isomorphic to a pre-algebraic
C-line bundle. The last assertion can be proved as follows. It suffices to consider n ≥ 2.
The cohomology group H2(Tn; Z) is generated by elements of the form [Y ]Tn , where Y
is a nonsingular codimension 2 Zariski closed subvariety of Tn with trivial and oriented
normal bundle. By Proposition 4.1, there exists a pre-algebraic C-line bundle ξ on Tn with
c1(ξ) = [Y ]Tn . Note that the dual bundle ξ∨ is pre-algebraic and satisfies c1(ξ∨) = −[Y ]Tn .
Consequently, any element of H2(Tn; Z) can be written as
n1c1(ξ1)+ · · · + nr c1(ξr ) = c1(ξ⊗n11 ⊗ · · · ⊗ ξ⊗nrr )
for some pre-algebraic C-line bundles ξi on Tn and some nonnegative integers ni with
1 ≤ i ≤ r . The assertion follows since topological C-line bundles are classified by the
first Chern class.
5 Chern classes and Pontryagin classes of pre-algebraic vector bundles
In this section the theory of Chern and Pontryagin classes for pre-algebraic vector bundles
is developed and contrasted with the already known results for algebraic vector bundles.
Let X be a compact nonsingular affine real algebraic variety. A nonsingular projective
complexification of X is a pair (V, ε), where V is a nonsingular projective scheme over R
and ε : X → V (C) is an injective map such that V (R) is Zariski dense in V, ε(X) = V (R)
and ε is a biregular isomorphism from X onto V (R). Here the set V (R) of real points of V is
regarded as a subset of the set V (C) of complex points of V . The existence of (V, ε) follows
from Hironaka’s resolution of singularities theorem [14,18]. The set of complex points of
the scheme VC = V ×R C over C is identified with V (C). The cycle map
clC : A∗(VC) =
⊕
k≥0




is a ring homomorphism defined on the Chow ring of VC, cf. [10] or [13, Corollary 19.2]
Hence,
H2kalg(V (C); Z) := clC(Ak(VC))
is the subgroup of H2k(V (C); Z) that consists of the cohomology classes corresponding to
algebraic cycles (defined over C) on VC of codimension k. By construction,
H2k
C-alg(X; Z) := ε∗(H2kalg(V (C); Z))
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is a subring of H even(X; Z). The subring H even
C-alg(X; Z) does not depend on the choice of
(V, ε), cf. [4, p. 278]. A cohomology class in H2k(X; Z) is said to be C-algebraic if it
belongs to H2k
C-alg(X; Z).
Example 5.1 For any positive integer n,
H even
C−alg(Tn; Z) = H0(Tn; Z).
Indeed, S1 can be identified with the real projective line P1(R). If P1 = Proj(R[X0, X1]) and
i : P1(R) ↪→ P1(C) is the inclusion map, then the pair (P1 ×R · · · ×R P1, i × · · · × i) of
the n-fold products is a nonsingular projective complexification of Tn . The assertion follows
since P1(C) is homeomorphic to the unit 2-sphere.
It is well known that the Chern classes of any algebraic C-vector bundle and the Pontryagin
classes of any algebraic R-vector bundle are C-algebraic, cf. [4, Theorem 5.3]. The following
example shows that this result cannot be extended to pre-algebraic vector bundles.
Example 5.2 Let η be the pre-algebraic H-line bundle on Tn constructed in Example 1.7.
Recall that c2(ηC) = 0 and c2(ηR ⊗ C) = 0. Since the first Pontryagin class p1(ηR) is
defined to be −c2(ηR ⊗C), one gets p1(ηR) = 0. According to Example 5.1, the Chern class
c2(ηC) and the Pontryagin class p1(ηR) are not C-algebraic.
There is no counterpart of Proposition 3.1 for C-algebraic cohomology classes. To see
this, it suffices to combine Example 5.1 with the following:
Example 5.3 There exists a multiblowup π : T̃n → Tn of Tn satisfying
π∗(H2(Tn; Z)) ⊆ H2
C-alg(T̃
n; Z).
Indeed, let v1, . . . , vq be cohomology classes that generate the group H2(Tn; Z). Each vi
can be expressed as vi = c1(ξi ) for some topological C-line bundle ξi on Tn . In view of
Example 4.2, the bundle ξi can be assumed to be pre-algebraic. By Theorem 1.1, one can
find a multiblowup π : T̃n → Tn of Tn such that the pullback C-vector bundle π∗ξi on T̃n
is algebraic for 1 ≤ i ≤ q (induction on q). Consequently, the cohomology class
c1(π
∗ξi ) = π∗(c1(ξ)) = π∗(vi )
is C-algebraic. Hence, the inclusion holds.
The groups H2k
C-alg(−; Z) have the following functorial property: if f : X → Y is a regular
map between compact nonsingular affine real algebraic varieties, then
f ∗(H2k
C-alg(Y ; Z)) ⊆ H2kC-alg(X; Z)
for every k ≥ 0, cf. [4, Proposition 3.1]. The next example shows that the inclusion above
may not hold if f is a regulous map.
Let Sn be the unit n-sphere,
S
n = {(x1, . . . , xn+1) ∈ Rn+1 | x21 + · · · + x2n+1 = 1}.
According to [4, Proposition 4.8],
H2k
C-alg(S
2k; Z) = H2k(S2k; Z)
for every k ≥ 1.
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Example 5.4 By [20, Theorem 2.4], each continuous map from Tn into Sn is homotopic to
a regulous map. Hence, there exists a regulous map f : Tn → Sn such that the induced
homomorphism
f ∗ : Hn(Sn; Z) → Hn(Tn; Z)
is an isomorphism. If n = 2k is a positive even integer, then f ∗(H2k
C-alg(S
2k; Z)) is
not contained in H2k
C-alg(T
2k; Z). Indeed, H2k
C-alg(S
2k; Z) = H2k(S2k; Z) ∼= Z, whereas
H2k
C-alg(T
2k; Z) = 0 in view of Example 5.1.
Examples 5.2, 5.3 and 5.4 suggest the following:
Definition 5.5 A cohomology class u in H2k(X; Z), where X is a compact nonsingular
affine real algebraic variety, is said to be blow-C-algebraic if there exists a multiblowup
π : X ′ → X such that the cohomology class π∗(u) is C-algebraic.
The next task is to prove that the set
H̄2k
C-alg(X; Z)
of all blow-C-algebraic cohomology classes in H2k(X; Z) has suitable properties.
Proposition 5.6 The set H̄2k








is a subring of H even(X; Z).
Proof Obviously, it suffices to prove that the set H̄2k
C-alg(X; Z) is closed under addition, and
the set H̄ even
C-alg(X; Z) is closed under multiplication.
Let u1 and u2 be cohomology classes in H̄2kC-alg(X; Z). By definition, there exists a multi-
blowup πi : Xi → X such that the cohomology class π∗i (ui ) is in H2kC-alg(Xi ; Z) for i = 1, 2.
Consider the rational map π−11 ◦ π2 : X2  X1. By Hironaka’s theorem on resolution of
indeterminacy points [14,18], there exist a multiblowup π3 : X3 → X2 and a regular map
ϕ : X3 → X1 such that π−11 ◦π2 ◦π3 = ϕ as rational maps. Consequently π2 ◦π3 = π1 ◦ϕ,
and hence
(π2 ◦ π3)∗(u1 + u2) = (π1 ◦ ϕ)∗(u1)+ (π2 ◦ π3)∗(u2)
= ϕ∗(π∗1 (u1))+ π∗3 (π∗2 (u2)).
The functoriality of H2k
C-alg(−; Z) for regular maps implies that the cohomology class
(π2 ◦ π3)∗(u1 + u2) is in H2kC-alg(X3; Z). Thus, u1 + u2 is in H̄2kC-alg(X; Z).
A straightforward modification of the argument just given shows that the set H̄ even
C-alg(X; Z)
is closed under multiplication. 
Theorem 5.7 Let X be a compact nonsingular affine real algebraic variety. The Chern
classes of any pre-algebraic C-vector bundle on X and the Pontryagin classes of any pre-
algebraic R-vector bundle on X are blow-C-algebraic.
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Proof Let ξ be a pre-algebraic C-vector bundle on X . According to Theorem 1.1, there
exists a multiblowup π : X ′ → X such that the C-vector bundle π∗ξ on X ′ is C-algebraic.
Since the Chern class ck(π∗ξ) is C-algebraic and ck(π∗ξ) = π∗(ck(ξ)), the class ck(ξ) is
blow-C-algebraic for every k ≥ 0.
If η is a pre-algebraic R-vector bundle on X , then its kth Pontryagin class pk(η) is blow-
C-algebraic since pk(η) = (−1)kc2k(η ⊗ C). 
The groups H̄2k
C-alg(−; Z) are functorial for surjective regulous maps. More precisely:
Theorem 5.8 If f : X → Y is a surjective regulous map between compact affine nonsingular
real algebraic varieties, then
f ∗(H̄2k
C-alg(Y ; Z)) ⊆ H̄2kC-alg(X; Z)
for every k ≥ 0.
Proof Let v be a cohomology class in H̄2k
C-alg(Y ; Z). Let σ : Y ′ → Y be a multiblowup
such that σ ∗(v) is in H2k
C-alg(Y
′; Z). Consider the rational map σ−1 ◦ f : X  Y ′. By
Hironaka’s theorem on resolution of indeterminacy points [14,18], there exist a multiblowup
π : X ′ → X and a regular map f ′ : X ′ → Y ′ such that σ−1 ◦ f ◦ π = f ′ as rational maps.
Consequently, f ◦ π = σ ◦ f ′, and hence
π∗( f ∗(v)) = ( f ◦ π)∗(v) = (σ ◦ f ′)∗(v) = ( f ′)∗(σ ∗(v)).
In view of the functoriality of the groups H2k
C-alg(−; Z) for regular maps, the cohomology
class ( f ′)∗(σ ∗(v)) is in H2k
C-alg(X
′; Z). Thus, f ∗(v) is in H̄2k
C-alg(X; Z), as required. 
There is a counterpart of Proposition 3.1 for blow-C-algebraic cohomology classes.
Proposition 5.9 Let X and X ′ be compact nonsingular affine real algebraic varieties and
let ϕ : X ′ → X be a birational regular map. If u is a cohomology class in H2k(X; Z) such
that the cohomology class ϕ∗(u) is blow-C-algebraic, then u also is blow-C-algebraic.
Proof Let σ : Y → X ′ be a multiblowup such that the cohomology class σ ∗(ϕ∗(u)) =
(ϕ ◦ σ)∗(u) is C-algebraic. Set ψ = ϕ ◦ σ and consider the rational map ψ−1 : X  Y . By
Hironaka’s theorem on resolution of indeterminacy points [14,18], there exist a multiblowup
π : X ′′ → X and a regular map f : X ′′ → Y such that ψ−1 ◦ π = f as rational maps.
Consequently, π = ψ ◦ f = ϕ ◦ σ ◦ f , and hence
π∗(u) = (ϕ ◦ σ ◦ f )∗(u) = f ∗((ϕ ◦ σ)∗(u)).
The cohomology class f ∗((ϕ ◦ σ)∗(u)) is C-algebraic, the map f being regular. Thus,
the cohomology class u is blow-C-algebraic, as asserted. 
Example 5.1 should be compared with the following:
Example 5.10 For any positive integer n,
H̄ even
C-alg(T
n; Z) = H even(Tn; Z).
Obviously, H̄0
C-alg(T
n; Z) = H0(Tn; Z). For any positive integer k, the cohomology group
H2k(Tn; Z) is generated by cohomology classes of the form [Y ]Tn , where Y is a nonsingular
codimension 2k Zariski closed subvariety of Tn with trivial and oriented normal bundle. By
[20, Theorem 2.4], there exists a regulous map f : Tn → S2k with [Y ]Tn = f ∗(s2k), where
s2k is a generator of H2k(S2k; Z) ∼= Z. Since the cohomology class s2k is C-algebraic, it fol-
lows from Theorem 5.8 that the cohomology class [Y ]Tn is blow-C-algebraic. Consequently,
H̄2k
C-alg(T
n; Z) = H2k(Tn; Z), as asserted.
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It seems difficult to find precise relationships between H̄ even
C-alg(−; Z) and H even(−; Z).
Example 5.11 Let n and k be integers satisfying 0 < 2k < n. According to Example 3.4,
there exists a nonsingular affine real algebraic variety X which is diffeomorphic to Tn and
satisfies
H2kalg(X; Z\2) = H2k(X; Z\2).
It follows from Proposition 5.12 below that
H̄2k
C-alg(X; Z) = H2k(X; Z),
the reduction modulo 2 homomorphism H2k(X; Z) → H2k(X; Z\2) being surjective.
Proposition 5.12 If X is a compact nonsingular affine real algebraic variety, then
(H̄2k
C-alg(X; Z)) ⊆ H2kalg(X; Z\2)
for every k ≥ 0, where  : H2k(−; Z) → H2k(−; Z\2) is the reduction modulo 2 homo-
morphism.
Proof It is convenient first to prove a weaker assertion,
(H2k
C-alg(X; Z)) ⊆ H2kalg(X; Z\2).
To this end let (V, ε) be a nonsingular projective complexification of X . Identifying C with
R
2, one can regard V (C) as a real algebraic variety, denoted V (C)R, cf. [5, Proposition 3.4.6].
The variety V (C)R is nonsingular and affine. By construction, V (C) and V (C)R coincide





H2k(V (C); Z) H2k(V (C)R; Z/2)
H2k(X; Z) H2k(X; Z/2)

 
Since ε∗(H2kalg(V (C); Z)) = H2kC-alg(X; Z), one gets
(i)
(H2k
C-alg(X; Z)) = ε∗((H2kalg(V (C); Z))).
By construction,
(ii)
(H2kalg(V (C); Z)) ⊆ H2kalg(V (C)R; Z\2).
Furthermore,
(iii)
ε∗(H2kalg(V (C)R; Z\2)) ⊆ H2kalg(X; Z\2),
the map ε : X → V (C)R being regular. The assertion follows by combining (1), (1) and (1).
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Now the proof can easily be completed. Let u be a cohomology class in H̄2k
C-alg(X; Z)
and let π : X ′ → X be a multiblowup such that π∗(u) is in H2k
C-alg(X
′; Z). According to the





H2k(X; Z) H2k(X; Z/2)
H2k(X ′; Z) H2k(X ′; Z/2)

 
is commutative, the cohomology class π∗((u)) is in H2kalg(X ′; Z\2). Hence, according to
Proposition 3.1, the cohomology class (u) is in H2kalg(X; Z\2), as required. 
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